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Random ﬁxed point theorem of Krasnoselskii
type for the sum of two operators








In this paper, we prove some random ﬁxed point theorem for the sum of a
weakly-strongly continuous random operator and a nonexpansive random operator
in Banach spaces. Our results are the random versions of some deterministic ﬁxed
point theorems of Edmund (Math. Ann. 174:233-239, 1967), O’Regan (Appl. Math. Lett.
9:1-8, 1996) and some known results in the literature.
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1 Introduction
Probabilistic functional analysis has emerged as one of the momentous mathematical dis-
ciplines in view of its requirements in analyzing probabilistic models in applied problems.
Random ﬁxed point theorems are stochastic versions of classical or deterministic ﬁxed
point theorems and are useful in the study of various classes of random equations. The
study of random ﬁxed point theorems was initiated by the Prague school of probabilists
in s. Since then there have been several interesting results and a lot of activity in
this area has appeared. In , Bharucha Reid [] has given suﬃcient conditions for a
stochastic analogue of Schauder’s ﬁxed point theorem for random operators. Recently,
Spacek [] and Hans [] have proved the stochastic analogue of a Banach ﬁxed point theo-
rem in a separable metric space. Moreover, Itoh [] extended Spacek and Hans’s theorem
to a multi-valued contraction random operator. In [], Xu extended Itoh’s theorem to a
nonself-random operator T , where T satisﬁes either weakly inward (see []) or the Leray-
Schauder condition (see []). The interest in the generalizations of a random ﬁxed point
theorem from self-maps to nonself-mappings has been revived after the papers by Sehgal
and Waters [], Sehgal and Singh [], Papageorgiou [, ], Lin [, ], Xu [], Tan and
Yuan [] and Beg and Shahzad [] and has received much attention in recent years (see,
e.g., [–]).
In , Krasnoselskii [] proved that a sum of two mappings has a ﬁxed point, when
the mappings are a contraction and compact. Recently, Rao [] obtained a probabilistic
version of Krasnoselskii’s theorem which is a sum of a contraction random operator and a
compact random operator on a closed convex subset of a separable Banach space. More-
over, Itoh [] extended Rao’s result to a sum of a nonexpansive random operator and a
completely continuous random operator on a weakly compact convex subset of a separa-
ble uniformly convex Banach space. In [], Lin obtained a sum of a locally almost non-
expansive (see []) random operator and a completely continuous random operator on a
© 2013 Arunchai and Plubtieng; licensee Springer. This is an Open Access article distributed under the terms of the Creative Com-
mons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and repro-
duction in any medium, provided the original work is properly cited.
Arunchai and Plubtieng Fixed Point Theory and Applications 2013, 2013:142 Page 2 of 10
http://www.ﬁxedpointtheoryandapplications.com/content/2013/1/142
nonempty closed convex bounded subset of a separable uniformly convex Banach space.
In , Shahzad [] extended Itoh and Lin’s results to a sum of two random nonself-
random operators, by assuming an additional condition that the sum of these operators
satisﬁes either weakly inward or the Leray-Schauder condition. See [, ] and the ref-
erences therein. Recently, Vijayaraju [] proved a random ﬁxed point theorem for a sum
of a -set-contraction and a compact (completely continuous) mapping and has received
much attention in recent years (see, e.g., [–]). On the other hand, it is known that
the ﬁxed point theorem of Krasnoselskii has nice applications to perturbed mixed type of
integral and nonlinear diﬀerential equations including the allied areas of mathematics for
proving the existence theorems under mixed Lipschitz and compactness conditions (see
[, ] and the references therein).
In this paper, inspired and motivated by [, ] and [], we obtain a random ﬁxed
point theorem for the sum of a weakly-strongly continuous random operator and a non-
expansive random operator which contains as a special Krasnoselskii type of Edmund and
O’Regan via the method of measurable selectors.
2 Preliminaries
Throughout this paper, (,) denotes ameasurable space, where is a nonempty set and
 is a σ -algebra of subsets of . Let X be a Banach space and M be a nonempty subset
of X. A multi-valued operator T :→ X is called (–)measurable if for any open subset
G of X, T–(G) ∈, where T–(G) := {ω ∈ : T(ω)∩G = ∅}. Note that if T(ω) belongs to
a compact subsets of X for all ω ∈ , then T is measurable if and only if T–(C) ∈  for
every closed subset C of X. A measurable (single-valued) operator ξ :  → X is called a
measurable selector of ameasurable operatorT :→ X if ξ (ω) ∈ T(ω) for eachω ∈. An
operator T :×M → X is called a random operator if for each ﬁxed x ∈M, the operator
T(·,x) :→ X is measurable. A measurable operator ξ :→ X is called a random ﬁxed
point of a randomoperatorT :×M → X if ξ (ω) ∈M andT(ω, ξ (ω)) = ξ (ω) for allω ∈.
Let S be a nonempty bounded subset of X. In [] denote the Kuratowski measure of
noncompactness of a bounded set S in X is nonnegative real number α(S) deﬁned by
α(S) = inf
{






An operator T : X → X is called compact if T(X) is a compact subset of X. An operator T
is called an α-Lipschitzian, there is a constant k ≥  with α(T(B))≤ kα(B) for all bounded
subsets B of X. We call T is completely continuous if it is α-Lipschitzian where k = . Let
M be a nonempty subset of a Banach spaceX, andT :M → X is calledweakly-strongly con-
tinuous if for each sequence (xn) in M, which converges weakly to x in M, the sequence
(Txn) converges strongly to Tx. The operator T : X → X is called a nonlinear contraction
if there exists a continuous nondecreasing function φ : [,∞)→ [,∞) satisfying φ(z) < z
for z >  such that ‖Tx – Ty‖ ≤ φ(‖x – y‖) for all x, y ∈ X. The operator T is called non-
expansive if ‖Tx – Ty‖ ≤ ‖x – y‖ for all x, y ∈ X. A random operator T :  × M → X is
called nonexpansive if for arbitrary x, y ∈ X, one has ‖T(ω,x) –T(ω, y)‖ ≤ ‖x– y‖ for each
ω ∈. A random operator T :×M → X is called nonexpansive (compact, continuous,
completely continuous, etc.) if the operator T(ω, ·) :M → X is so for each ﬁxed ω ∈.
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Lemma . [] Let (X,d) be a complete separable metric space and let F :→ CL(X) be
a measurable map. Then F has a measurable selector.
In [], Edmunds proved the following ﬁxed point theorem.
Theorem . [] Let M be a nonempty bounded closed convex subset of a Hilbert space
X and let A, B be two maps from M into X such that
(i) A is weakly-strongly continuous;
(ii) B is a nonexpansive mapping;
(iii) Ax + Bx ∈M for all x ∈M.
Then A + B has a ﬁxed point in M.
The following ﬁxed point theorems are crucial for our purposes.
Theorem . [] Let U be an open set in a closed convex set M of a Banach space X.
Assume that  ∈U , T(U) is bounded and T :U →M is given by T = A+B, where A and B
are two maps from U into X satisfying
(i) A is continuous and completely continuous;
(ii) B is a nonlinear contraction.
Then either
(A) T has a ﬁxed point in U ; or
(A) there is a point u ∈ ∂U and λ ∈ (, ) with u = λT(u).
Theorem . [] Let X be a Banach space and let Q be a closed convex bounded subset
of X with  ∈ int(Q). In addition, assume that T : Q → X is given by T = A + B, where A
and B are two maps from Q into X satisfying
(i) A is continuous and compact;
(ii) B is a nonlinear contraction;
(iii) if {(xj,λj)}∞j=o is a sequence in ∂Q× [, ] converging to (x,λ) with x = λT(x) and
 < λ < , then λjT(xj) ∈Q for j suﬃciently large.
Then T has a ﬁxed point.
Theorem . [] Let U be a bounded open convex set in a reﬂexive Banach space X.
Assume that  ∈U and T :U → X is given by T = A+B,where A and B are twomaps from
U into X satisfying
(i) A is continuous and compact;
(ii) B is a nonexpansive map;
(iii) I – T :U → X is demiclosed on U .
Then either
(A) T has a ﬁxed point in U ; or
(A) there is a point u ∈ ∂U and λ ∈ (, ) with u = λT(u).
Theorem . [] Let U be a bounded open convex set in a uniformly convex Banach
space X. Assume that  ∈ U and T :U → X is given by T = A + B, where A and B are two
maps from U into X satisfying
(i) A is continuous and compact;
(ii) B is a nonexpansive map;
(iii) In addition, suppose A :U → X is strongly continuous.
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Then either
(A) T has a ﬁxed point in U ; or
(A) there is a point u ∈ ∂U and λ ∈ (, ) with u = λT(u).
Theorem . [] Let U be an open subset of a Banach space X and let U be a weakly
compact subset of X. Assume that  ∈U and T :U → X is given by T = A+B,where A and
B are two maps from U into X satisfying
(i) A is continuous and compact;
(ii) B is a nonexpansive map;
(iii) I – T :U → X is demiclosed on U .
Then either
(A) T has a ﬁxed point in U ; or
(A) there is a point u ∈ ∂U and λ ∈ (, ) with u = λT(u).
Theorem . [] Let X be a reﬂexive Banach space and let Q be a closed convex bounded
subset of X with  ∈ int(Q). In addition, assume that T :Q→ X is given by T = A+B,where
A and B are two maps from Q into X satisfying
(i) A is continuous and compact;
(ii) B is a nonexpansive map;
(iii) I – T :U → X is demiclosed on Q;
(iv) if {(xj,λj)}∞j=o is a sequence in ∂Q× [, ] converging to (x,λ) with x = λT(x) and
 < λ < , then λjT(xj) ∈Q for j suﬃciently large.
Then T has a ﬁxed point.
Theorem . [] Let X be a uniformly convex Banach space and let Q be a closed convex
bounded subset of X with  ∈ int(Q). In addition, assume that T : Q → X is given by T =
A + B, where A and B are two maps from Q into X satisfying
(i) A is continuous and compact;
(ii) B is a nonexpansive map;
(iii) A :Q→ X is strongly continuous;
(iv) if {(xj,λj)}∞j=o is a sequence in ∂Q× [, ] converging to (x,λ) with x = λT(x) and
 < λ < , then λjT(xj) ∈Q for j suﬃciently large.
Then T has a ﬁxed point.
3 Main result
Lemma . Let M be a subset of X and let A,B :M → X be two operators satisfying:
(i) A is weakly-strongly continuous;
(ii) B is nonexpansive;
(iii) Ax + Bx ∈M for every x ∈M.
Then the mapping T :M → X deﬁned by Tx = Ax + Bx is continuous.
Proof Let (xn) be a sequence inM converging to a point x inM. SinceA is weakly-strongly
continuous and B is nonexpansive, we obtain that
‖Txn – Tx‖ =
∥∥(Axn + Bxn) – (Ax + Bx)∥∥
=
∥∥(Axn –Ax) + (Bxn – Bx)∥∥
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≤ ‖Axn –Ax‖ + ‖Bxn – Bx‖
≤ ‖Axn –Ax‖ + ‖xn – x‖.
Then we have ‖Txn – Tx‖ →  as n → ∞. That is, Txn → Tx as n → ∞. Hence T is con-
tinuous. 
Lemma . Let M be a nonempty bounded closed convex subset of a Banach space X and
let A,B be two maps from M into X such that
(i) A is weakly-strongly continuous;
(ii) B is nonexpansive;
(iii) Ax + Bx ∈M for every x ∈M.
Then the set F(A + B) = {x ∈M : Ax + Bx = x} is closed.
Proof Deﬁne a mapping T :M → X by Tx = Ax + Bx. By Theorem . then we have
F(T) = F(A + B) = {x ∈M : Ax + Bx = x}
is nonempty. To show that F(T) is a closed subset ofM, let (xn) be a sequence of F(T) with
xn → x ∈M. Since T is continuous, it follows by Lemma . that
x = lim
n→∞xn = limn→∞Txn = Tx.
Hence x ∈ F(T) and therefore F(T) = F(A + B) is a closed subset ofM. 
Theorem . Let M be a nonempty bounded closed convex subset of a separable Banach
space X and let A,B :×M → X be two random operators satisfying, for each ω ∈,
(i) A is weakly-strongly continuous;
(ii) B is nonexpansive;
(iii) A(ω,x) + B(ω,x) ∈×M for every x ∈M.
Then A + B has a random ﬁxed point in ×M.
Proof Deﬁne an operator T :×M → X by
T(ω,x) = A(ω,x) + B(ω,x).
Since A and B are random operators, A(·,x) and B(·,x) are X-valued random variables for
all x in M. Since X is a separable Banach space, we have T(ω,x) is an X-valued random
variable. Hence T is a random operator onM. Moreover, by Lemma . we note that T is
a continuous random operator onM. Deﬁne a multi-valued map F :→ M by
F(ω) =
{
x ∈M : T(ω,x) = x}.
By Theorem . and Lemma ., F(ω) is nonempty and closed for each ω ∈ . Thus, to
show the measurability of F , let D be a closed subset of X. It is suﬃcient to show that







ω ∈ : ∥∥T(ω,xi) – xi∥∥ < n
}
,
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where Dn = {x ∈ M : d(x,D) < n } and d(x,D) = inf{‖x – y‖ : y ∈ D}. Obviously, L(D) is a
measurable subset of . We will show that F–(D) = L(D). Obviously, F–(D) ⊆ L(D). As
in Itoh [], it is proved that L(D) ⊆ F–(D). Thus F–(D) = L(D), and so F is measurable
on . Since F(ω) is compact, it has closed values for each ω ∈. By Lemma ., F admits
a measurable selector, i.e., there is a measurable mapping ξ :→ X such that ξ (ω) ∈ F(ω)
for all ω ∈ . By deﬁnition of F(ω), which implies that ξ (ω) = T(ω, ξ (ω)), hence ξ (ω) =
A(ω, ξ (ω)) + B(ω, ξ (ω)). This completes the proof. 
Theorem . Let M be a nonempty bounded closed convex separable subset of a reﬂexive
Banach space X and let T : × M → X be given by T = A + B, where A,B : × M → X
are two operators satisfying
(i) A is weakly-strongly continuous random;
(ii) B is nonexpansive random;
(iii) A(ω,x) + B(ω,x) ∈×M for each ω ∈ and each x ∈M;
(iv) X is strictly convex and I – T is demiclosed at zero.
Then T = A + B has a random ﬁxed point in ×M.
Proof Deﬁne an operator T :×M → X by
T(ω,x) = A(ω,x) + B(ω,x).
By Theorem . we have T is a random operator onM. For each ω in , the set
F(ω) =
{
x ∈M : T(ω,x) = x}
is nonempty and closed. Since X is strictly convex, F(ω) is convex. This implies that F(ω)
is weakly compact, we show that F is ω-measurable, i.e., for each x∗ in X∗, the dual space
of X, the numerically valued function x∗F is measurable. Let for each integer n≥ , the set
Fn(ω) =
{
x ∈M : ∥∥T(ω,x) – x∥∥ < n
}
.
Thus Fn(ω) is closed as T is continuous. Moreover, by Itoh [], each Fn is measurable.
Since M is separable, the weak topology on M is metrizable. Let dω be a metric on M
which induces the weak topology on M and let Hω be the Hausdorﬀ metric produced






= , ω ∈. (.)
In fact, since (Fn(ω)) decreases to F(ω), the limit in (.) exists, and we denote it by h(ω).
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Since (M,dω) is compact, there exists a subsequence (yni ) of (yn) such that dω(yni , y) → 




)≥ h(ω) > . (.)
On the other hand, since ‖yni – T(ω, yni )‖ ≤ ni and I – T(ω, ·) is demiclosed at zero, it






= , ω ∈.
Now, by Itoh [], we have F is ω-measurable. Thus by Lemma ., there exists a
ω-measurable selector x of F , i.e., for each x∗ ∈ X∗, x∗x is measurable as a numerically-
valued function on. SinceM is separable, x is measurable. This x is a random ﬁxed point
of T . This completes the proof. 
Similarly we can prove the following, which concerns Theorem ., using the result of
Theorem ..
Theorem. Let U be an open set in a closed, convex setM of a separable Banach space X.
Assume that  ∈U , T(×U) is bounded and T :×U →M is given by T = A+B,where
A and B two random operators from ×U into X satisfying, for each ω ∈,
(i) A is continuous and completely continuous;
(ii) B is a nonlinear contraction;
(iii) there does not exist a u ∈ ∂U such that u = λ(ω)T(ω,u) for any measurable
λ :→R with  < λ(ω) < , where ∂U is a boundary of U .
Then T has a random ﬁxed point in U .
By Theorem . and the same as in the proof of Theorem ., we obtain the following.
Theorem . Let X be a separable Banach space and let Q be a closed, convex, bounded
subset of X with  ∈ int(Q). In addition, assume that T :×Q→ X is given by T = A + B,
where A and B two random operators from ×Q into X satisfying, for each ω ∈,
(i) A is continuous and compact;
(ii) B is a nonlinear contraction;
(iii) if {(uj,λj(ω))}∞j=o is a sequence in ∂Q× [, ] converging to (u,λ(ω)) with
u = λ(ω)T(ω,u) and for some measurable λ :→R with  < λ(ω) < , then
λj(ω)T(ω,uj) ∈×Q for j suﬃciently large.
Then T has a random ﬁxed point.
We can prove the following, which concerns Theorem ., using the result of Theo-
rem ..
Theorem. Let U be a bounded open convex set in a separable reﬂexive Banach space X.
Assume that  ∈U andT :×U → X is given by T = A+B,where A and B are two random
operators from ×U into X satisfying, for each ω ∈,
(i) A is continuous and compact;
(ii) B is a nonexpansive map;
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(iii) I – T :×U → X is demiclosed on U ;
(iv) there does not exist a u ∈ ∂U such that u = λ(ω)T(ω,u) for any measurable
λ :→R with  < λ(ω) < , where ∂U is a boundary of U .
Then T has a random ﬁxed point in U .
The proof of the following is similar to Theorem . and in this case we invoke Theo-
rem . instead of Theorem . in the proof.
Theorem. Let U be a bounded open convex set in a separable uniformly convex Banach
space X. Assume that  ∈U and T :×U → X is given by T = A + B, where A and B are
two random operators from ×U into X satisfying, for each ω ∈,
(i) A is continuous and compact;
(ii) B is a nonexpansive map;
(iii) A :×U → X is strongly continuous;
(iv) there does not exist a u ∈ ∂U such that u = λ(ω)T(ω,u) for any measurable
λ :→R with  < λ(ω) < , where ∂U is a boundary of U .
Then T has a random ﬁxed point in U .
The proof of the following can be given by using Theorem . and the result of Theo-
rem ..
Theorem. Let U be an open subset of a separable Banach space X and let U be aweakly
compact subset of X. Assume that  ∈ U and T :×U → X is given by T = A + B, where
A and B are two random operators from ×U into X satisfying, for each ω ∈,
(i) A is continuous and compact;
(ii) B is a nonexpansive map;
(iii) I – T :×U → X is demiclosed on U ;
(iv) there does not exist a u ∈ ∂U such that u = λ(ω)T(ω,u) for any measurable
λ :→R with  < λ(ω) < , where ∂U is a boundary of U .
Then T has a random ﬁxed point in U .
We can prove the following by Theorem . and using the result of Theorem ..
Theorem . Let X be a separable reﬂexive Banach space and let Q be a closed, convex,
bounded subset of X with  ∈ int(Q). In addition, assume that T :×Q → X is given by
T = A+B, where A and B are two random operators from×Q into X satisfying, for each
ω ∈,
(i) A is continuous and compact;
(ii) B is a nonexpansive map;
(iii) I – T :×U → X is demiclosed on Q;
(iv) if {(uj,λj(ω))}∞j=o is a sequence in ∂Q× [, ] converging to (u,λ(ω)) with
u = λ(ω)T(ω,u) and for some measurable λ :→R with  < λ(ω) < , then
λj(ω)T(ω,uj) ∈×Q for j suﬃciently large.
Then T has a random ﬁxed point.
By the same proof of Theorem . and the result of Theorem ., we have the following.
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Theorem . Let X be a separable uniformly convex Banach space and let Q be a closed,
convex, bounded subset of X with  ∈ int(Q). In addition, assume that T : × Q → X is
given by T = A+B, where A and B are two random operators from×Q into X satisfying,
for each ω ∈,
(i) A is continuous and compact;
(ii) B is a nonexpansive map;
(iii) A :×Q→ X is strongly continuous;
(iv) if {(uj,λj(ω))}∞j=o is a sequence in ∂Q× [, ] converging to (u,λ(ω)) with
u = λ(ω)T(ω,u) and for some measurable λ :→R with  < λ(ω) < , then
λj(ω)T(ω,uj) ∈×Q for j suﬃciently large.
Then T has a random ﬁxed point.
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